Abstract. The quantum effects close to the classical big rip singularity within the Eddingtoninspired-Born-Infeld theory (EiBI) are investigated through quantum geometrodynamics. It is the first time that this approach is applied to a modified theory constructed upon Palatini formalism. The Wheeler-DeWitt (WDW) equation is obtained and solved based on an alternative action proposed in Ref.
Introduction
Undeniably, Einstein's theory of General Relativity (GR) has been an extremely successful theory for more than a century [2] . However, the theory is expected to break down at some points at very high energies where quantum effects are expected to become crucial, such as in the past expansion of the Universe where GR predicts a big bang singularity [3] . On the other hand, several observations have found concrete evidences that the universe has entered a state of acceleration on its largest scale [4, 5] . Such an accelerating expansion can be fueled by an effective dark energy whose equation of state is rather similar to that of a cosmological constant but allow the deviation from it to quintessence and phantom behaviors. The latter is quite interesting because it may give rise to future singularities [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Among them, the most destructive one is dubbed the big rip singularity [7] [8] [9] [10] [11] [12] [13] [14] [15] . It has been shown that if the Universe is dominated by a phantom dark energy with a constant equation of state, it will expand so violently that all bound structures will be ripped apart before a finite cosmic time when the singularity occurs. At the singularity, the size of the Universe and its expansion rate diverge, accompanied by the laceration of spacetime itself. Therefore, it is necessary to look for possible modified theories of gravity, which could explain the late time acceleration of the Universe. Furthermore, accompanied by some additional quantum effects, these modified theories of gravity may be able to smooth the singularities predicted in GR.
Recently, an alternative theory of gravity dubbed Eddington-inspired-Born-Infeld theory proposed in Ref. [17] , pioneered in [18] , has attracted a lot of attention [1, . The EiBI theory has been shown to be able to cure the big bang singularity for a radiation dominated universe through a loitering effect and a bounce in the past, with the coupling constant κ being positive and negative, respectively [17, 28] . The ability of the theory to smooth other cosmological singularities in a phantom dominated universe has also been studied in our previous works [30, 42, 43, 55] . Unfortunately, we found that even though the EiBI theory can lead to the avoidance of the big bang and the alleviation of some smoother singularities, the big rip singularity is still unavoidable.
As mentioned in the first paragraph, near the singular states, it is expected that some quantum effects should come into play. Even though so far there is not a fully consistent quantum theory of gravity, the framework of quantum cosmology in which a homogeneous, isotropic and spatially flat universe is considered can reduce the complexity of the quantization of GR. One can resort to the approach of quantum geometrodynamics in which the WDW equation plays a central role and where a canonical quantization of the fields is performed [61] . In this approach, the dynamics of the wave function of the Universe as a whole is determined by the WDW equation. If the solutions to the WDW equation satisfy the DeWitt (DW) condition [62] , which states that the wave function vanishes near the region corresponding to the classical singularity, it is expected that the singularity is avoided by quantum effects. In Refs. [63] [64] [65] [66] [67] [68] [69] [70] , various dark energy related cosmological singularities which appear in the classical theory of GR have been shown to be cured or smoothed within the quantum framework.
It is worth to be mentioned that although there have been some works investigating the quantum cosmology in the framework of modified theories of gravity [71] [72] [73] [74] [75] , it is the first time that such an approach is applied to a theory constructed upon Palatini formalism. Because of the independence of the physical metric and the connection, the wave function contains two independent variables, one of which corresponds to the physical scale factor of the Universe and the other one corresponds to the physical connection components. It is the former that is responsible for the occurrence of the big rip singularity classically. Moreover, because of the complexity resulting from the square root structure of the EiBI action, we will consider an alternative action proposed in Ref. [1] to construct the Hamiltonian. We will also consider two different factor ordering choices to construct the WDW equations to see if our results depend on the factor ordering or not. The matter content is described by a phantom perfect fluid whose equation of state w is a constant, i.e., w < −1. Some exact solutions can be obtained based on the assumption that the physical scale factor and the connections are related through a classical motion equation. For more general circumstances in which these two quantities are treated independently, a qualitative argument is proposed with the help of the WKB approximations and we show that the wave functions vanish near the region corresponding to the classical big rip singularity. Furthermore, we also construct another WDW equation by promoting the Friedmann equations of the theory. According to the DW condition for singularity avoidance, we find that for all the approaches considered in this work, the big rip singularity is expected to be avoided within a quantum realm. This paper is outlined as follows. In section 2, we briefly review the classical EiBI phantom model in which the phantom energy has a constant equation of state. This phantom energy leads to a big rip singularity in the EiBI theory. In section 3, we construct the WDW equation by considering an alternative action proposed in Ref. [1] under two different factor ordering choices. We find that the big rip singularity is hinted to be avoided according to the DW condition. In section 4, we construct an effective WDW equation by simply promoting the Friedmann equations of the EiBI theory. The same conclusion, i.e., singularity avoidance, can be reached. We finally present our conclusions in section 5. Some cumbersome but necessary calculations are presented in the appendices.
The EiBI phantom model: constant equation of state
We start reviewing the EiBI scenario whose gravitational action is [17] 
On the previous expression |g µν + κR µν (Γ)| is the determinant of the rank two tensor g µν + κR µν (Γ). The theory is formulated within a Palatini formalism, in which the metric g µν and the connection Γ are treated as independent variables. In addition, R µν (Γ) is chosen to be the symmetric part of the Ricci tensor and the connection is assumed to be torsionless. Note that g is the determinant of the metric and S M stands for the matter Lagrangian, where matter is assumed to be coupled covariantly to the metric g only. In addition, λ is a dimensionless constant which relates to an effective cosmological constant of the theory at low curvature through Λ ≡ (λ − 1)/κ. The parameter κ is a constant characterizing the theory. In this paper, we will work with Planck units 8πG = 1 and set the speed of light to c = 1. Variation of action (2.1) with respect to the connection and the metric g µν leads to the field equations [17] λq µν = g µν + κR µν , (2.2a)
respectively, where q µν is the auxiliary metric compatible with the connection. Furthermore, q µν and q represent the inverse matrix and the determinant of q µν , respectively. The energy momentum tensor is defined by
and τ ≡ g/q. It can be shown that the tensor q µν is the metric compatible with the connection Γ, i.e., ∇ α q µν = 0 where ∇ is a covariant derivative constructed from the connection Γ. In addition, the dependence of q µν on the physical metric g µν and the dependence of q µν on T µν are determined by the field equations (2.2). We review the derivation of the field equations (2.2) and how the compatibility of q µν and Γ arises on the appendix A. On the particular case of a homogeneous and isotropic universe, the most general equations of motion for an arbitrary perfect fluid were obtained in Ref. [42] . In particular on that paper, we obtained the Friedmann equation corresponding to both metrics. As both of them depends on the energy density, there is as well a relation between the physical Hubble rate and the auxiliary Hubble rate. However, this relation is not that enlightening and quite complicated, that is the reason why we omitted it on that paper and on the current one as well. Here we follow the same notation as in Ref. [1] , that is, q µν is defined by the auxiliary metric used in Ref. [17] divided by a factor of λ. In addition, we will restrict our analysis to positive κ, in order to avoid the imaginary effective sound speed instabilities usually present in the EiBI theory with negative κ [21] .
For a homogeneous, isotropic and spatially flat universe, we will consider the FriedmannLemaître-Robertson-Walker metric (FLRW)
where t is the cosmic time and a(t) is the physical scale factor. In Ref. [30, 42] , we have shown that if the Universe is filled with a phantom energy, which is described by a perfect fluid with a constant equation of state w < −1, the Hubble rate H ≡ȧ/a and its cosmic derivative have the following approximated behaviors at late time
Note that the dot denotes the derivative with respect to the cosmic time t. The phantom energy density ρ and pressure p = wρ diverge as well. At the same time, the scale factor a(t) blows up. This singular state happens at a finite cosmic time t and corresponds to the big rip singularity in the EiBI theory [30, 42] . Note that in Ref. [42] , we also showed that there is no singularity of the auxiliary metric q µν when an appropriate rescaled cosmic time and an auxiliary scale factor are chosen such that the auxiliary metric takes the form of a FLRW metric. In fact, when the physical metric g µν faces the big rip, the auxiliary metric compatible with the physical connection is asymptotically de Sitter and therefore well defined [42] .
3 First approach to quantize: Using the effective Lagrangian approach
The effective Lagrangian
As the big rip singularity is unavoidable in the EiBI phantom model, it is natural to ask whether the quantum effect can shed some light over preventing this cosmic doomsday. We will consider a quantum geometrodynamical approach in which the WDW equation plays a central role. However, the complexity resulting from the square root of the curvature in the action (2.1) is not easy to overcome. Therefore, in this work we will resort to an alternative action, which is dynamically equivalent to the original EiBI action. In Ref. [1] , the authors showed that the field equations (2.2) imply that Einstein tensor for q µν satisfies:
where T µ ν = T µα g αν and T = T µ µ . In Ref. [1] , the authors also showed that the field equations (2.2) can be obtained from the following alternative action
where R(Γ) ≡ q αβ R βα (Γ). This action is similar to a bi-gravity action without dynamics for g µν [1] . More precisely, the variation of action (3.2) in terms of g gives equation (2.2b), and the variation in terms of q gives the Einstein equation of q, that is, Eq. (3.1), which implies the field equation (2.2a). Therefore, the actions (2.1) and (3.2) are equivalent dynamically because they give the same classical field equations [1] . However, the action (3.2) has a similar form with the Einstein Hilbert action in the sense that it is linear on R(Γ), and most importantly it does not contain a square root of the curvature; i.e., a square root involving second derivatives of the scale factor of the metric compatible with Γ. Therefore, it is easier to get the classical Hamiltonian, which is very important to get the WDW equation, for this model. The starting point is the homogeneous and isotropic ansatz of the Universe, therefore
N (t) and M (t) are the lapse functions of g µν and q µν , respectively. These lapse functions are included from now on for the sake of completeness. Similarly, a and b correspond to the scale factor of each metric. The Ricci scalar constructed solely from q is
Then, we consider the simplest case in which the matter component is described by a perfect fluid with a given equation of state. Therefore, the matter can be purely described by a single variable a, the scale factor of g µν . After integrations by part, the FLRW Lagrangian constructed from the action (3.2), S a = v 0 dtL, can be rewritten as
where v 0 corresponds to the spatial volume after a proper compactification for spatially flat sections [61] .
The Euler-Lagrange equation of the system
In this subsection, we calculate the Euler-Lagrange equation from the Lagrangian (3.4). The Euler-Lagrange equation of N and a are
respectively. The relation between dρ/da and pressure p is given by the conservation equation
Actually, equations (3.5a) and (3.5c) can be rewritten as
where U and V are the notations representing q 00 and q ij in Ref. [17] . Near the big rip singularity, the energy density is dominated by phantom energy whose scale factor dependence can be described as a ǫ , with ǫ positive and given by ǫ ≡ −3(1 + w). Therefore, both ρ and p behave like a ǫ near the big rip singularity. Thus, from Eq. 
If we use Eqs. (3.6) to replace N 2 /M 2 and a 2 /b 2 in Eq. (3.7), Eq. (3.7) can be rewritten as
One can see that the auxiliary Hubble rate defined by H q in our previous work (Eq. (2.10) in Ref. [42] ) is recovered when we choose the following lapse function for the auxiliary coordinate system:
Therefore, it can be easily seen that if w < −1 and is a constant,ḃ/b approaches a constant when ρ goes to infinity. This corresponds to a de Sitter stage of the auxiliary metric as mentioned in the end of section. 2 and fully proven in Ref. [42] .
The Hamiltonian and the WDW equations
From the Lagrangian (3.4), one can see that the conjugate momenta of a, N and M are zero. However, the conjugate momenta of b is not and reads 10) and the Hamiltonian is
It can be shown that by using the constraint equations (3.5a) and (3.7) we obtain H 1 = 0. Therefore, we can construct another Hamiltonian H 2 by using again the constraint Eq. (3.5a) to substitute N/M in H 1 by κρ, a, and b:
Just like the case in H 1 , the second Hamiltonian H 2 fulfills H 2 = 0 if the constraints equations (3.5a) and (3.7) are assumed simultaneously. We would like to clarify the following: there is an alternative way of showing that both Hamiltonians vanish. The Hamiltonians H 1 and H 2 are independent of time, so ∂H i /∂t = 0 where i = 1, 2. Therefore, these Hamiltonians are conserved. In addition, as they are zero on shell and continuous, they will vanish everywhere. Because we only use the constraint Eq. (3.5a) to write down the Hamiltonian H 2 from H 1 , without using Eq. (3.5c) which relates a and b in the classical regime, the variables a and b in H 2 are treated as independent variables only at the quantum level. Notice that we do not use Raychaudhuri equation in the classical Hamiltonian in GR either.
As there is no singularity at b = 0 for the model, we can safely rescale the Hamiltonian as
Then, we can write down the WDW equation by choosing the following factor ordering:
where x = ln( √ λb). Therefore, the WDW equation reads:
where
Next, we rewrite the potential V 1 (a, x) as
where δ ≡ a 2 e −2x . Near the classical big rip singularity where a → ∞, the behavior of the potential can be classified as follows:
• If a 2 diverges slower than e 2x , i.e., δ → 0, the second term in the bracket in (3.17) is negligible compared with the first term. However, whether the first term dominates over the third term depends on the exact form of ρ(a) and δ. In either cases, the potential reaches positive infinite values when both a and x go to infinity.
• If a 2 diverges faster than e 2x , i.e., δ → ∞, the potential can be approximated as
when a goes to infinity.
• If a 2 diverges comparably with e 2x , the potential can also be approximated as in Eq. (3.18) because the phantom energy density blows up when a → ∞.
Therefore, we find that the potential V 1 (a, x) goes to positive infinity when a → ∞ for all values of x.
As a guiding example, we temporarily assume that two scale factors a and b are related through Eq. (3.6b). Note that this relation is a consequence of the assumption of the classical equations of motion (3.5a) and (3.5c). If we further assume that the energy density and the pressure of the phantom energy behave like a ǫ near the singularity, the scale factor b and a are related through b 4 ∝ a 4+2ǫ asymptotically. One can find that the potential V 1 (a, x) in (3.16) is dominated by the first term. This belongs to the first case in the above qualitative discussions. Therefore, the WDW equation (3.15) can be approximated as
when a and x approach infinity. The solution is [76] Ψ 20) and consequently when x → ∞, its asymptotic behavior reads [76] Ψ(x) ≈ 2
Here J ν (x) and Y ν (x) are Bessel function of first kind and second kind, respectively [76] . Therefore, the wave function Ψ(x) approaches zero when a as well as x go to infinity. According to the DeWitt criterium for singularity avoidance, the big rip singularity is expected to be avoided. However, in general the variables a and b (or x) should be treated independently in the quantum realm. The big rip singularity happens when a goes to infinity, instead of b. Therefore, on the next subsection, we will go back to the WDW equation (3.15) and verify that the wave function vanishes when a approaches infinity for all values of x, with the help of a WKB approximation.
The WKB approximation
In this subsection, we turn to solve the complete partial differential equation (3.15) . Actually, the variable a is not dynamical so we can regard this equation as an ordinary differential equation of x, leaving a as a constant. To solve the differential equation, we apply a WKB approximation [68, 69, 77] :
For the following differential equation [68, 69 ]
where M is a constant, the first order WKB approximated solution reads [68, 77] :
Therefore, the first order WKB approximated solution to Eq. (3.15) is
where 27) and
In summary, because the potential V 1 (a, x) goes to positive infinity when a → ∞ for all values of x as shown qualitatively in the previous subsection, the integral
whose exact solution is given on the appendix 1 B, is real when a gets large. The pre-factor S(a, x) −1/4 is a decaying function and vanishes in the same limit. Hence, we can claim that the wave function Ψ(a, x) vanishes for all values of x when a → ∞. According to the DeWitt criterium for singularity avoidance, the big rip singularity is expected to be avoided within this approach.
Validity of the WKB approximation
For the differential equation of the form in Eq. (3.23), the validity of the first order WKB approximation is ensured by the following inequality (c.f. for example the appendix in [68] ):
In our WDW equation (3.15) , this condition corresponds to
It can be easily seen that this condition is satisfied when a → ∞ for any value of δ. This justifies the validity of the WKB approximations.
Second factor ordering procedure
From the Hamiltonian (3.12) we can choose another factor ordering 32) and write the corresponding WDW equation by introducing a new variable y ≡ ( √ λb) 3/2 as follows
where 34) and η ≡ a 2 y −4/3 . Before proceeding further, we highlight that this quantization is based on the Laplace-Beltrami operator which is the Laplacian operator in minisuperspace [61] . This operator depends on the number of degrees of freedom involved. For the case of a single degree of freedom, it can be written as in Eq. (3.32) (c.f. for example [68] ). The behavior of V 2 (a, y) given in (3.34) near the classical big rip singularity where a → ∞ can be classified as follows:
• If a 2 diverges slower than y 4/3 , i.e., η → 0, the second term of V 2 (a, y) is negligible compared with the first term. However, whether the first term dominates over the third term depends on the exact form of ρ(a) and η. In either cases, the potential reaches positive infinite values when both a and y go to infinity.
• If a 2 diverges faster than y 4/3 , i.e., η → ∞, the potential can be approximated as
• If a 2 diverges comparably with y 4/3 , the potential can also be approximated as in Eq. (3.35) because the phantom energy density blows up when a → ∞.
Therefore, we find that the potential V 2 (a, y) goes to positive infinity when a → ∞ for all values of y. Qualitatively, following the same arguments as those presented in subsection 3.4, we can claim that the wave function Ψ(a, y) vanishes when a → ∞. Hence, the big rip singularity is expected to be avoided as well for this factor ordering. Alternatively, we can temporarily assume that the two scale factors a and b are related through Eq. (3.6b). Therefore, by reminding that the energy density and pressure of the phantom fluid behave like a ǫ near the singularity, we reach the conclusion that the scale factor b and a are related through b 4 ∝ a 4+2ǫ asymptotically. The potential V 2 (a, y) in Eq. (3.34) is dominated then by its first term. This belongs to the first case in the above qualitative discussions. Therefore, the WDW equation (3.33) can be approximated as 
and when y → ∞,
Therefore, the wave function Ψ(y) approaches zero when a as well as y go to infinity. According to the DeWitt criterium for singularity avoidance, the big rip singularity is expected to be avoided in this case. The lesson we have learnt from these two factor orderings quantization is that our results seem to be independent of the chosen factor orderings.
An alternative "phenomenological" quantization approach
In this section, we introduce an alternative quantization approach, which is entirely independent of the quantization method mentioned previously, to investigate the quantum version of the EiBI setup. This approach is simply intended to construct an effective WDW equation by promoting the Friedmann equations in the classical theory rather than the Lagrangian. The definition of the conjugate momenta is inspired in GR. Although this approach seems rather phenomenological and not well-motivated as compared with the previous quantization approach, it can provide an additional confirmation on the robustness of our results if the singularities are as well hinted to be avoided in this alternative approach.
According to our previous work [42] , the Friedmann equations of the metric g µν and the auxiliary metric q µν near the big rip singularity when a → ∞ are:
The new variablet is defined ast ≡ √ U t and corresponds to the rescaled time such that the auxiliary metric can be written in a FLRW form [42] . By reminding that in GR, the Friedmann equation indeed corresponds to the Hamiltonian, we can then use these Friedmann equations as effective Hamiltonian H g and H q , with their canonical variables being (a, p a ) and (b, p b ), respectively, where the conjugate momenta p a and p b are defined by (this definition is simply inspired in GR)
Note that we have set 8πG = 1. Afterwards, we assume that the total wave function of the Universe Ψ(a, b) satisfies the WDW equation constructed as the product of H g and H q :
We obtain a "phenomenological" WDW equation:
We next use the ansatz Ψ(a, b) = ψ 1 (a)ψ 2 (b) and obtain 5) which means that at least one of the following equations must hold
• If Eq. (4.6a) holds, the solution is [76] 
In the appendix C, we will show that the solution ψ 1 (a) in Eq. (4.7) approaches zero when a → ∞.
Aside from Eq. (4.6a), the left hand side of Eq. (4.6b) should be bounded to ensure the validity of the solution (4.5). Therefore, we have:
where K 1 (b) is an arbitrary bounded function of b. In the appendix C, we will also prove that ψ 2 (b) is bounded for all values of b. Therefore, we can conclude that the total wave function ψ 1 (a)ψ 2 (b) vanishes when a → ∞ for all b, and the big rip singularity is expected to be avoided.
• On the other hand, if Eq. (4.6b) holds, the solution of
In the appendix C, we will show that the solution ψ 2 (b) in Eq. (4.10) is bounded for all values of b. Furthermore, the left hand side of Eq. (4.6a) should be bounded to ensure the validity of Eq. (4.5). We then have
where K 2 (a) is an arbitrary bounded function of a. In the appendix C, we will also prove that the solution ψ 1 (a) of Eq. (4.12) will vanish when a approaches infinity. Then we can conclude that the total wave function ψ 1 (a)ψ 2 (b) vanishes when a → ∞ for all b, and the big rip singularity is expected to be avoided.
Conclusion
Although the EiBI theory is characterized by its ability to cure the big bang singularity at the early universe [17, 28] , it has been shown that the big rip singularity is unavoidable in the EiBI phantom model [30, 42] . It is then natural to ask whether some quantum effects can prevent the occurrence of this fatal cosmic doomsday. Despite the lack of a full understanding of quantum gravity, quantum cosmology in which a homogeneous, isotropic and spatially flat universe is assumed can comparably reduce the complexity to tackle this problem [61] . In this work, we consider a quantum geometrodynamical approach, in which the WDW equation plays a central role, to investigate whether the big rip singularity in the EiBI model can be avoided. The WDW equation determines the evolution of the wave function of the universe as a whole. As usual, we use DW condition, which states that the wave function vanishes at the region corresponding to the classical singularities, as a hint to judge the avoidance of the cosmological singularity of interest. It is worth to be mentioned that even though similar issues have been widely studied in the framework of GR, it is the first time that this approach is applied to a modified theory of gravity constructed upon a Palatini formalism. The independence of the connection and metric, in addition to the complicated square root structure in the EiBI action make the construction of the WDW equation troublesome.
To overcome these problems, we consider an alternative action proposed in Ref. [1] , which is dynamically equivalent to the original EiBI action, to construct the classical Hamiltonian. This action is linear in the Ricci scalar purely defined by the auxiliary metric, and does not contain square roots of the spacetime curvatures. It can be regarded as an equivalent interpretation based on the Einstein frame of the original EiBI framework. After obtaining a suitable Hamiltonian, we construct the WDW equation under two different factor ordering choices. Exact solutions can be derived under a specific assumption that the auxiliary scale factor b is related to the physical scale factor a through their classical equations of motion. For general circumstances in which these quantities are treated independently, we use a WKB approximation and argue that the wave function vanishes on the region corresponding to the classical big rip singularity for all values of b. According to the DW condition, the big rip singularity is expected to be cured in this approach. The two factor ordering choices lead to the same conclusion.
On the other hand, we also construct an effective WDW equation by simply promoting the classical Friedmann equations near the big rip singularity. The definitions of the conjugate momenta are inspired by GR. In this handwaving approach, we find that the total wave function vanishes near the configuration corresponding to the classical big rip for all values of the auxiliary scale factor b. Therefore, the singularity is expected to be avoided according to the DW condition. The conclusions of the different approaches considered in this work are consistent.
At this point we would like to emphasize that the DW condition that we regard as a guiding hint for the singularity avoidance within the quantum realm is not strictly sufficient to avoid the classical singularity. The validity of this criterium is tightly dependent on the existence of square integrable functions, and therefore on a consistent probability interpretation for the wave function. In any case, it is the probability amplitudes for wave packets that should vanish close to the region of configuration space corresponding to the classical singularity or abrupt event. The problem is the fact that these square integrable functions require an appropriate Hilbert space associated with its inner product which defines a proper measure factor. It is not obvious that this can always be done in a straightforward way in quantum cosmology. In addition, our argumentation has to be taken with great care as in Refs. [78] [79] [80] , it was shown that in some particular cases while the wave function vanishes at the classical singularity, the probability associated with that event does not vanish as a consequence of the fact that the Faddeev-Popov measure used to define the probability blows up at this point. However, as we mentioned previously, we can still regard the DW condition as a potential hint for singularity avoidance. Furthermore, this work can be seen as a pioneering work to generalize the associated quantum geometrodynamical treatments to a modified theory of gravity constructed within the Palatini formalism.
As we have just proven, the existence of an alternative action, which takes the form of a linear structure like that in GR, can reduce the complexity of constructing the WDW equation in this modified theory of gravity. For other theories formulated within the Palatini formalism or even within the metric affine theory, the existence of such an alternative action can shed some light on further investigating the quantum cosmology of these theories and GR itself. Furthermore, it is also interesting to see whether other cosmological singularities unavoidable in EiBI theory can be avoided in a similar way. We will tackle these interesting issues on the near future.
A Derivation of the EiBI field equations
In this appendix, we will obtain the EiBI field equations by varying the action (2.1)
based on the Palatini formalism, i.e., the variation will be carried with respect to Γ and g. By varying the action with respect to the independent metric and the connection, we obtain
where a hat denotes the tensor nature of a given object without making explicit reference to the tensor components. Imposing δS EiBI = 0 in Eq. (1.2) and reminding that the metric and the connection are independent variables, the field equation of the metric g reads
i.e., Eq. (2.2b). Note that the energy momentum tensor T µν is defined in Eq. (2.3). On the other hand, the variation with respect to the connection can be written as
To obtain the last line an integration by part has been used. Note that ∇ is the covariant derivative constructed from the connection. After imposing that the above variation vanishes and after taking a trace on α and σ, the field equation of the connection reads
Then, we introduce the covariant derivative of the tensor density |g µν + κR µν | and the covariant derivative of [(ĝ + κR) −1 ] µν as follows
where the equation,
is used to derive the second line of the first equation. After contracting Eq. (1.4) with (ĝ + κR) µν it can be shown that
Finally, from Eqs. (1.4) and (1.6) we obtain
Therefore, we can define the auxiliary metric q µν , which is compatible with the connection, such as the auxiliary metric that satisfies λq µν = g µν + κR µν , i.e., Eq. (2.2a).
B The phase of the wave function within a WKB approximation
B.1 Rewriting the phase of the wave function
The integral (3.29) , that defines the phase of the wave function (3.26), can be written as
after making a change of variable a 2 ξ = e 2x . Note that K(a) = λ + κρ(a) is larger than one because we only focus on a universe with a positive effective cosmological constant Λ = (λ − 1)/κ. The discriminant D of the cubic polynomial P (ξ) reads [76] 
where Q = −1/4 and R = (1 − 2K 2 (a))/8. It can be seen that D is positive because K(a) is larger than one as mentioned a few lines above. Therefore P (ξ) has only one real root. The roots are [76] 
where θ, a r and b r are defined as
Because cosh (θ/3) ≥ 1, the real root ξ 1 is negative and a r is positive. Finally, the integral (2.1) can be written as
Under the redefinition ζ = ξ − a r and c ≡ a r − ξ 1 > 0, (2.5) can be further expressed as 6) where R 1 (ζ) is a rational function of ζ:
B.2 Canonical form of the elliptic integral
To calculate the integral (2.6) analytically, we need to rewrite it in its canonical form which can be expressed solely by three kinds of elliptic integrals [81] . To reach that goal we proceed as follows [81] : First, we define S 1 ≡ ζ 2 + b 2 r and S 2 ≡ ζ + c. Then we find a constant λ i which makes S 1 − λ i S 2 a perfect square. This requires that the discriminant of the quadratic polynomial S 1 − λ i S 2 to be zero. The constant λ i has two solutions 8) and each of them satisfies
where α = λ 1 /2 and β = −λ 2 /2. Therefore, S 1 and S 2 can be rewritten as
Substituting the previous equations into the integral (2.6) and making a further change of variable: u = (ζ − α)/(ζ + β), the integral (2.6) can be written as
Note that the original integration interval of ξ is within (0, ∞). The changes of variables ζ = ξ − a r and u = (ζ − α)/(ζ + β) imply that the integration interval of u is within (u i , 1) where −1 < u i < 0 and u is, in addition, an increasing function of ζ on that interval. The latter can be seen by evaluating du/dζ and reminding that α and β are positive. For the sake of simplicity, we will consider the integration interval of u such that u ∈ (0, u). An arbitrary initial value of the integration only relates to the initial phase of the oscillation thus it does not change our conclusion significantly.
For any rational function R 1 (u), we can always define R 2 (u 2 ) and R 3 (u 2 ) such that
Therefore, the integral can be written as
14)
The second integral can be integrated using elementary functions. On the other hand, the first integral can be decomposed by partial fractions and can be written as a combination of three kinds of elliptic integrals [81] . By changing the variable from ζ to u and according to Eq. (2.7), we have
(2.15)
Following Eq. (2.13), we can obtain
.
Similarly, the anti-symmetric part of R 1 (u) reads
According to the following integrals [82] 3(L 2 + 1) (L 2 + u 2 )(1 − u 2 ) 3 ,
, r + p 2 F (γ, r) , the result of the integration (2.1) is I = C(a)I(u) ≡ C(a)(I 1 + I 2 + I 3 + I 4 + I 5 + I 6 + I 7 ), (2.20) where
and
where on the above equations F (γ, r), E(γ, r) and Π[γ, (p 2 + L 2 )/p 2 (L 2 + 1), r] are the elliptic integral of first, second and third kind, respectively [82] . Near the classical big rip singularity where the scale factor a as well as K(a) become large, we have In this limit, the behavior of I(u) is shown in figure. 1. Furthermore, because C(a) ∝ (λ + κρ(a))a 3 , the result of the integral I goes to positive infinity when a is very large. This corresponds to a rapidly oscillating wave function under a WKB approximation as described in subsection 3.4.
C Boundness and asymptotic behavior of the wave functions in the phenomenological approach
We start considering the inhomogeneous differential equation: where C is a positive constant and 0 < m ≤ 1/6. The source term K(z) is a bounded function of z. Therefore, one can always choose a positive constant K such that |K(z)| ≤ K < ∞ for all z. Note that Eqs. (4.9) and (4.12) correspond to m = 1/6 and 0 < m < 1/6, respectively. The solution to this inhomogeneous differential equation can be written as a combination of the homogeneous solution and a particular solution:
ψ(z) = ψ h (z) + ψ p (z), (3.2) where the homogeneous part ψ h (z) is [76] ψ h (z) = C 1 √ zJ m (Cz We next remind the following inequality (see Eq. 9.1.62 of Ref. [76] )
where µ ≥ −1/2 and z is real, and apply it to the solution (3.3), so that we obtain
Therefore, ψ h (z) is bounded for 0 ≤ z < ∞. Note that 0 < m ≤ 1/6. Furthermore, when z → ∞ the homogeneous solution can be approximated as [76] ψ h (z) ≈ 2 πC z It can be proven that ψ h (z) → 0 when z → ∞ because 0 < m ≤ 1/6. Therefore, we can conclude that the homogeneous solution ψ h (z), which is the solution to the differential
